In this article, a coupled Two-relaxation-time Lattice Boltzmann-Volume penalization (TRT-LBM-VP) method is presented to simulate flows past obstacles. Two relaxation times are used in the collision operator, of which one is related to the fluid viscosity and the other one is related to the numerical stability and accuracy. The volume penalization method is introduced into the TRT-LBM by an external forcing term. In the procedure of the TRT-LBM-VP, the processes of interpolating velocities on the boundaries points and distributing the force density to the Eulerian points are unneeded. Performing the TRT-LBM-VP on a certain point, only the variables of this point are needed. As a consequence, the TRT-LBM-VP can be conducted parallelly. From the comparison between the result of the cylindrical Couette flow solved by the TRT-LBM-VP and that solved by the Single-relaxation-time LBM-VP (SRT-LBM-VP), the accuracy of the TRT-LBM-VP is higher than that of the SRT-LBM-VP. Flows past a single circular cylinder, a pair of cylinders in tandem and side-by-side arrangements, two counter-rotating cylinders and a NACA-0012 airfoil are chosen as numerical experiments to verify the present method further. Good agreements between the present results and those in the previous literatures are achieved.
Introduction
As an alternative to the traditional Navier-Stokes (N-S) equation solver, the Lattice Boltzmann method (LBM) has been adopted widely to simulate flows past obstacles [1] . The simplicity in coding, parallel computation and explicit calculation contribute to its popularity. In the procedure of simulating the flows past obstacles, the treatment of obstacle boundary is an extremely key point. Just like that in the traditional N-S equation solvers, the body-fitted grid method and the immersed boundary method (IBM) are the two main methods used in LBM when complex boundaries are involved.
For the body-fitted grid method, generating a body-fitted grid is the first and important step. But this step is an extremely expensive process when complex boundaries are involved. Even with simple boundaries, creating a high quality body-fitted grid is of great difficulty. There is no doubt that both structured and unstructured grids are frequently used in the process of creating a body-fitted grid. However, the order of accuracy on the structured and unstructured grids is lower than that on the uniform Cartesian grids [2] . The IBM, proposed by Peskin [3] , can be implemented easily compared with the body-fitted grid method for there is no need to create a body-fitted grid. Two types of grids are used in the IBM: the Cartesian grid and the Lagrangian grid. The N-S equation is solved on the fixed Cartesian grid and the dynamics of the obstacles are represented by the Lagrangian grid. The information and variables on these two grids are related by a discrete delta function interpolation. Using a restoring force term to reflect the boundary effect on the flows is the extremely bright spot of the IBM. As a consequence, the N-S equations with a external forcing term can be solved on the whole Cartesian grid. Besides, there is also no need to regenerate a new body-fitted grid when the boundary of the obstacle moves or changes. Interpolating the velocity at boundaries and spreading the force density to the Eulerian points near the boundaries by using the delta function are two main steps in the IBM. The IBM was incorporated into the LBM by Feng and Michaelides [4] to study the fluid-particles interaction problems.
As mentioned above, the restoring force is used to reflect the boundary effect. But the non-slip boundary conditions are not always enforced. As a result, some streamlines may penetrate the fixed boundaries. To solve this problem, Wu and Shu [5] proposed a implicit velocity correction-based IBM, in which the velocity corrections near the boundaries are considered as unknown and computed implicitly. From the results given by Wu and Shu, the non-slip boundary conditions are enforced very well. In the IBM, a Vandermonde matrix should be recomputed during every time step, meaning more computing time is needed [2] .
Recently, Benamour et al. [6] incorporated another type IBM: Volume Penalization (VP), which is firstly proposed by Arquis and Caltagirone [7] , into LBM. In the VP, the obstacles are considered as a porous medium with extremely small permeability. The solid boundaries are modeled on the fixed Eulerian grid by using a mask function. Actually, the Lagrangian grids in the VP is part of the fixed Eulerian grid which are marked by the mask function. So one of the Lagrangian points coincides with a certain points of the fixed Eulerian grid. Compared with the direct forcing IBM and the velocity correction IBM, there is no need to interpolate the velocity at the boundaries and to spread the force density into the Eulerian points near the boundaries by using the delta function. Performing the VP procedure on a certain Lagrangian point just needs the variables on the Eulerain point with which the Lagrangian point coincides, meaning the whole VP procedure can be conducted parallelly. The VP has been successfully used by several researchers to solve the flows past obstacles [8, 9, 10] . Through the forcing term proposed by Guo [11] , the VP is incorporated into LBM. Taking the parallelizability of the LBM into consideration, the whole LBM-VP procedure can be conducted parallelly.
There are three typical collision operators in LBM: the Single-relaxation-time (SRT) collision operator, the Two-relaxation-time (TRT) collision operator and the Multiple-relaxation-time (MRT) collision operator. In terms of numerical accuracy and stability, these three operators differ from each other [12] . Maybe, the SRT LBM is the most popular LBM for its simplicity and easiness to implement [13] . However, when complex geometries are involved, it may suffer from unphysical artifacts [14] . Also, the accuracy in velocity distribution will fall when the single relaxation time τ increases [12] . To get a better accuracy and numerical stability, MRT collision operator was proposed [15, 16] . Compared with the SRT LBM, the numerical procedure of MRT LBM is more complicated. Besides, there is a challenging point in the MRT-LBM: selecting the multiple relaxation time parameters. Using two relaxation times for the even and odd order particle velocity moments, the TRT LBM not only maintains the simplicity of the SRT LBM but also haves the advantages of the MRT LBM in terms of accuracy and stability [12] . Coupled with the direct forcing and velocity correction IBM, the TRT LBM has been used to simulate flows past obstacles by Seta [17] and Hayashi et al. [18] . In this article, coupled with VP, the TRT LBM is used to simulate flows past obstacles.
To validate the accuracy of the proposed TRT-LBM-VP, the cylindrical Couette flow is chosen as the experiment. Also the SRT-LBM-VP is used to solve the same experiment, the results of which are used to compare the accuracy of the TRT-LBM-VP and the SRT-LBM-VP. To verify the proposed TRT-LBM-VP further, flows past a single fixed circular, flows past a pair of cylinders in tandem and side-by-side arrangements, two counter-rotating cylinders and a NACA-0012 airfoil are conducted. The results are compared with the data in the previous literatures. The rest of this paper is arranged as follows. In Section 2, the TRT LBM, Volume penalization and the incorporating of VP into TRT LBM are described. The whole computing procedure of the presented method is also given at the end of this section. The numerical experiments and the comparison of the results are shown in Section 3. In Section 4, some concluding remarks and recommendations for the future work are presented.
Mathematical and Numerical Formulation
In this section, the two-relaxation-times LBM is introduced firstly. Then the Volume Penalization method and the incorporation of VP method into the TRT-LBM are introduced in details. Finally, a whole computing procedure is given.
The two-relaxation-times LBM
Take the fluid-solid interaction (FSI) between incompressible viscous fluid and rigid obstacles into consideration. The dynamics of the fluid can be described by the Navier-Stokes equation (NS-equation):
where u is the velocity of the fluid, µ is the dynamic viscosity, ρ is the density, p is the pressure and f is the body force. The above two equations are the macroscopic mass and momentum equations of incompressible viscous fluids. In the Lattice Boltzmann framework, the motion of the fluids is governed by the following kinetic equations, without the body force term, for the distribution function f k [19] :
in which f α is the particle distribution function; t is the time; e α is the particle velocity in the αth direction; Ω α is the collision operator. For the nine-velocity lattice model in two dimension (D2Q9), the discrete velocity vectors can be defined as:
In the TRT-LBM model, two relaxation times are used in the collision operator, which is written as [20] :
where superscripts s and a represent the symmetrical and antisymmetrical parts of the particle distribution functions. And the symmetrical and antisymmetrical particle distribution functions are defined as:
and their equilibrium distribution functions are:
in which the subscript −α is the direction opposite to α, for instance, f −1 = f 3 and f eq −3 = f eq 1 in the D2Q9 model. Specially, it should be noted that f −0 = f 0 and f eq −0 = f eq 0 . In the D2Q9 model, the equilibrium distribution functions are defined as:
in which c s = 1 √ 3 is the sonic speed and the weight factors are w 0 = 4/9, w 1−4 = 1/9 and w 5−8 = 1/36. τ s and τ a are relaxation times. The relation between τ s and the kinematic viscosity υ: τ s = υ c 2 s ∆t can be used to get the value of τ s . Through a magic parameter [21] , the relaxation parameter τ a can be obtained from the following equation:
The magic parameter influences the stability of the TRT-LBM scheme [21] . In order to maintain the most stability, the magic parameter is set as 1/4 [18] . The macroscopic density, ρ, and velocity, u are defined as follows:
The Eq. (3) can be split into two sub-steps [22] : collision
and streaming
The effect of the external force can be reflected by adding an external forcing term to the collision sub-step. Similarly, the forcing term is also divided into symmetrical part F s α and antisymmetrical part F a α , which are defined as [23] :
Here, the external forcing term proposed by Guo et al. [24] is adopted:
The collision sub-step is modified as:
The Volume Penalization Method and the Incorporation of VP into LBM
Let us consider an obstacle immersed in the fluid, as shown in the Fig. 1 . On the boundary of the obstacle domain Ω O , the non-slip boundary condition can be described as:
where ∂Ω O is the boundary of the obstacles and U O is the velocity of the obstacles. For problems involving only fixed obstacles are considered in the present method, the velocity of the obstacles U O is equal to zero. Ω F is the fluid domain. The union of these two domains Ω = Ω F ∪ Ω O is the entire domain. The Dirichlet problem Eq. (1, 2, 18) can be solved by the volume penalization method [25, 26] . In the volume penalization method, the solid obstacles are modeled as porous media. By adding a penalization term on the velocity, the momentum Eq. (1) is modified as:
where
is the mask function used to describe the obstacle geometry and η 1 is the penalization parameter. It can be seen that there is no Dirichlet boundary condition in Eq. (19) . The solution of the penalized N-S Eq. (19) tends towards the exact solution of N-S equation imposing no-slip boundary conditions with η → 0 [25, 26, 27] . The hydrodynamic forces acting on the fixed obstacle can be obtained through:
Practically, the parameter η can be set as a very small value, for instance, η = 10 −8 . So the effect of the obstacle on the fluid can be reflected by the force density:
From Eq. (16), the fluid velocity consists of two parts [5] . The density distribution functions contribute to the first part, which is represented by the intermediate velocity u * . And the external force term contributes to the second part, which can be taken as a velocity correction δu. The intermediate velocity can be expressed as:
and the velocity correction as
And Eq. (16) is rewritten as:
Substituting Eq. (25) into Eq. (22), the force density, contributed from the immersed boundary, can be obtained:
Then substituting Eq, (26) into Eq. (24), the velocity correction can be calculated through [6] :
and the force term reflecting the effect of the immersed boundary can be expressed as:
In summary, the whole steps of the algorithm are as follows.
(1) Design the computational grid, and arrange initial values on the computational grid.
(2) Use Eq. (17) to obtain the density distribution function after the collision sub-step of the t = t n step (initially setting F s α = 0 and F a α = 0).
(3) Performing the stream sub-step using Eq. (13) (4) Use Eq. (10) and Eq. (23) to obtain the macroscopic density and intermediate velocity.
(5) Use Eq. (27) and Eq. (28) to obtain the velocity corrections and the force density.
(6) Correct the fluid velocity on using Eq. (25) and compute the two relaxation-time collision operator using Eq. (5).
(7) Repeat step (2) to step (6) until the convergence is reached.
Numerical Results and Discussions
In this article, some numerical experiments are conducted to verify the present TRT-LBM-VP method. In the following numerical experiments, the Reynolds number (Re) is defined as:
in which U ∞ is the free stream velocity and D is the diameter of the cylinder. υ is the kinematic viscosity of the fluid. The drag coefficient C d and lift coefficient C l of cylinder are defined as
where F d and F l are the drag force and lift force respectively. In the VP, the drag force and lift force can be calculate through:
where F x V P and F y V P are the x and y component of the force density in Eq. (28) respectively. For the unsteady cases where the vortex shedding happens, the Strouhal number is defined as:
where f q is the vortex shedding frequency. The flow between the two cylinders will reach a steady state. And the analytical solution of the azimuthal velocity U a is given by [28] 
where r is the radial coordinate. In Fig. 4 , the velocity contour and azimuthal velocity profile along the horizontal plane through the center of the cylinders are given. From the azimuthal velocity profile, a good agreement can be obtained between the numerical result and the analytical solution. Also the SRT-LBM-VP is used to solve the same problem. In Fig. 5 , the errors in azimuthal velocity predicted using the proposed TRT-LBM-VP and the SRT-LBM-VP are given. It is obvious that the errors in the proposed TRT-LBM-VP are smaller than that in the SRT-LBM-VP, which means the accuracy of the TRT-LBM-VP is higher than that of the STR-LBM-VP. 
Flows past a fixed circular cylinder
The center of the fixed circular cylinder is located at (H/2, H/2). For the cases of Re = 20 and Re = 40, the flows around the cylinder reach a steady state. A pair of symmetrical stationary recirculating eddies develop behind the cylinder, as shown in Fig. 6 . The distance from the end of the wake to the nearmost point of the cylinder will increase when the Reynolds number grows. The drag coefficient C d , length of the recirculation region L (scaled by D) and the separation angle θ s are compared with the data in previous literatures in Table 1 . There is a good agreement between the present results and those in previous literatures. • When the Reynolds number turns to 100 and 200, the flows become unsteady. A famous phenomenon will occur: a Kármán vortex street develops, as shown in Fig. 8 . As a result of vortex shedding, a lift will also act on the cylinder. And the drag and lift coefficient will also not remain unchanged, which is shown in Fig. 7 . Not only the drag and lift coefficient but also the Strouhal number will be studied and compared with the results in the previous literatures. From Table 2 , the present results agree well with the data in the previous literatures. The evolutions of drag and lift coefficients are presented in Fig. 7 , and the streamlines and velocity contours in Fig. 8 . 
Flows past a pair of circular cylinders
Compared with the flows past a single cylinder, the flows past a pair of circular cylinders are some more complicated, which are conducted to validate the presented method's capacity of solving the problems involving complex flows. As same as in the previous literatures, side-by-side and tandem arrangements, in which the two circular cylinders are set, are chosen as the experiments, as shown in the Fig. 9 . In all experiments, the midpoint between the two cylinders' centers is located at (H/2, H/2). In the experiments flows past a pair of cylinders, not only the Reynolds number but also the distance between the two cylinders Lg influences the flow fields. In this article, four experiments with different distances (Lg/D = 1.5, 2.0, 3.0, 4.0) are conduced for each arrangement. As same as in the previous literatures [33, 34, 35, 36] 
Tandem arrangements
From Fig. 10 , vortex shedding develops behind the downstream cylinder, as same as in the flows past a single cylinder. However, only when the distance Lg is equal to 4, vortex shedding occurs between the two cylinders. And the drag coefficients of the upstream cylinders are positive, while the downstream cylinders' are negative, as shown in Fig. 11 . For each experiment, drag coefficients of both cylinders oscillate at a same frequency, meaning the Strouhal numbers are equal. The comparison of the results are shown in Tab. 3, from which a good agreement can be obtained. Fig. 12 that there is vortex shedding from the two cylinders for all four different experiments. The flow fields with Lg = 1.5D, 2.0D are irregular and the wakes of the two experiments are very biased. However, the flow fields of the rest two experiments are of obvious periodicity. And the wakes of both upper and lower cylinders are anti-phase. The velocity contours are symmetric along the horizontal line through the midpoint. From the evolution of the drag coefficients shown in Fig. 13 , some similar conclusions can be obtained. When the distance Lg = 1.5D, 2.0D, the drag coefficient evolutions shows no obvious cycle but great randomness. However, when the distance Lg turns to 3.0 and 4.0, great changes happen. The evolutions of the drag coefficient show periodicity and they oscillate at the same frequency, which means the Strouhal numbers are equal. The time-average drag, lift coefficients and Strouhal numbers are compared with the data in the previous literatures in Tab. 4, from which a good agreement can be obtained. 
Flows past two counter-rotating cylinders
The flows past two counter-rotating cylinders is of great interest. Due to the counter-rotation, the flow patterns are very different to those of the flows past two fixed cylinders [37, 38, 39] . Just as same as in the experiments of flows past a pair of cylinders arranged in side-by-side arrangement, the midpoint between the two cylinders' centers is located at (H/2, H/2) as shown in Fig. 14 The flow patterns change according to the normalized rotational speed ω. As pointed in the previous literatures [38, 39, 37] , the unsteady wakes behind the two cylinders can be completely suppressed with ω > 1.5 and the flow fields are symmetric along the horizontal line through the midpoint, which can be observed in the present results shown in Fig 15. Besides, there is no vortex shedding. For the cases of ω = 1.5 and 2.0, the vortex is limited to a certain region near the cylinders. No vortex shedding occurs, which is very different from the flows past two fixed cylinders in the same arrangement. When ω = 3.0, 3.5 and 4.0, a virtual elliptic body is observed around the two cylinders. From the streamlines in Fig. 15(d) , Fig. 15 (e) and Fig. 15(f) , it can be found that the flow outside the elliptic body do not penetrate the elliptic boundary and the flow inside do not goes outside as well. Just as there was an impenetrable "wall". In the Fig. 16 , the drag and lift coefficients of the lower cylinders are shown. The drag coefficient are reduced significantly when the rotational angle velocity ω grows from 1.5 to 2.5. However, the lift coefficient is firstly increased. When ω turns from 2.5 to 4.0 it is decreased. In the Fig.  16 , the results of Chan and Jameson [38] , Chan et al. [39] and Wang [37] are also figured. Obviously, our results agree well with the others' results.
Flows past a NACA-0012 airfoil
For the practical application of the TRT-LBM-VP method, the flows past a NACA-0012 airfoil at Re = 500 with AOA = 0
• and at Re = 1000 with AOA = 10
• are chosen as the numerical experiments. The free stream velocity is 0.1 and the chord of the airfoil is 320.
The streamlines and velocity contours of the flows past a NACA-0012 airfoil are shown in Fig. 17 and Fig. 18 . No vortex shedding occurs behind the airfoil at Re = 500 with AOA = 0
• , and a steady flow field develops. The drag coefficient of the airfoil is 0.178, agreeing well with the results obtained by Lockard et al. [40] with 0.1762 and Wu et al. [5] with 0.1759. For the case of Re = 1000 with AOA = 10
• , vortex shedding occurs. As a result, there is a lift force acting on the airfoil. In the present experiment, the Strouhal number for the drag coefficient is 0.8633, while the value obtained by Falagkaris et al. [41] is 0.861 and by Mittal and Tezduyar [42] is 0.862. The drag and lift coefficients are figured in Fig. 19 . 
Conclusions
In this article, the Volume Penalization method is incorporated into the Two-relaxation-time Lattice Boltzmann method to simulate the flows past obstacles. Through the force term proposed by Guo et al. [24] , the force contributed from the boundary ais introduced into the LBM and then divided into symmetrical and antisymmetrical parts. In the TRT-LBM, the collision operator and the force term are relaxed by two relaxation times, which are related to each other by a magic parameter. Compared to the direct-forcing and velocity correction IBM, there is no need to interpolate the velocity at boundaries by using a delta function and to distribute the force density to the Eulerian point near the boundary. However, on a certain Lagrangian point, only the variables of one certain Euler point are needed in the VP procedure, meaning the TRT-LBM-VP can be conducted parallelly. Firstly, the cylindrical Couette flow experiments using different grid size solved by the TRT-LBM-VP and the SRT-LBM-VP are conducted to compare the accuracy of these two methods. The results show that the accuracy of the TRT-LBM-VP is higher than that of the SRT-LBM-VP. To justify the present method further, flows past a single circular cylinder with Re = 20, 40, 100 and 200 and some slightly more complex experiments: flows past a pair of circular cylinder arranged in tandem and side-by-side arrangements, flows past two counter-rotating cylinders are studied. For the practical application, flows past a NACA-0012 airfoil at Re = 500 with AOA = 0
• are selected as experiments.
